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Optical measurement of azimuthal anchoring strength in nematic liquid crystals
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We have observed the azimuthal switching at the interface of nematic liquid crystals~LCs! and the aligning
substrate, induced by the planar electric field of a fine comb electrode. Optical transmittance as a function of
applied voltage was modeled by both the elastic theory with rigid anchoring and the Landau–de Gennes theory

with the interfacial energy expression 1/2Wtr@(QJ2QJ 0)2#, whereQJ is the liquid crystal order parameter and

QJ 0 is the surface order parameter induced by the aligning substrate. Optical data on the in-plane switching LC
cells were found to differ qualitatively with the predictions of the rigid anchoring model but to agree well with
those of the Landau–de Gennes theory. We obtain not only the strengthW of the azimuthal anchoring, but also
find the surface order parameterSsurface to be 20–30 % less than that of the bulk. The optically measured
azimuthal anchoring strength is in good agreement with the literature values determined through other means.

DOI: 10.1103/PhysRevE.67.041713 PACS number~s!: 61.30.Gd, 78.20.Fm
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In recent years, IPS~in-plane switching! techniques have
been used to realize a type of liquid crystal display~LCDs!
with high contrast and wide viewing angles@1,2#. IPS is
generally achieved by using planar electric field generated
comb electrodes with a stripe width~orseparation! of ;10
mm. There are two IPS mechanisms. In the rigid anchor
limit, the liquid crystal~LC! director at the substrate-LC in
terface is fixed, and IPS occurs through the twist of the
director in a thin boundary layer next to the substrate. Alt
natively, the interfacial anchor can be broken so that the
occurs partly through the reorientation of the surface dir
tor. In the latter case, the voltage dependence of optical tr
mittance contains information on the azimuthal surface
choring strength. In this work, we propose to utilize IPS w
narrow electrode stripes~;1 mm! as a microscopic probe t
measure the azimuthal anchoring strength through op
means. Here the small electrode width ensures the pl
electric field to be confined within a thin surface layer, hen
increasing the sensitivity to the field-induced local interfac
variations. Data on optical transmittance versus voltage w
found to differ qualitatively with the predictions of the rigi
anchoring model but to agree well with the results of sim
lations assuming finite azimuthal anchoring strength.

It is well known that away from the surface layer, on t
order of a few tenths of microns, LC can be accurately m
eled by the elastic theory, with the LC director as the o
spatially-dependent variable. Hence for the rigid anchor
model, where the director twist occurs through a length sc
much larger than the surface layer, the elastic theory suffi
However, if the IPS occurs through reorientation of the s
face director, then the properties of surface layer would h
to be taken into account. It is known that within the surfa
layer there can be significant variation in the~scalar! liquid
crystalline order@3–6#, and the elastic theory is no longe
adequate. Also, the planar electric field applied through
comb structure means that it is necessary to go beyond
usual one-dimensional~1D! model, where the electric field i
assumed to be uniform and parallel to the substrate plan
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particular, in the surface layer, the LC tensorial order para
eter ~containing both the LC director and the scalar ord
parameter! is coupled to the Laplace equation through t
anisotropic dielectric constant. The spatially dependent
isotropic LC dielectric constant tensor is then determin
self-consistently by minimizing the total free energy. T
resulting optical characteristics of the cell are calculated
compared with experiments. In the case of soft anchor
the anchoring strength is obtained as one of the two fitt
parameters.

Consider a coordinate system, where thex-y plane is par-
allel to the substrate surface, with they axis along the elec-
trode stripes, andz axis pointing from the lower substrat
towards the upper substrate. Since the length of the elect
stripes is large compared with the separation between a
cent stripes and the cell thickness, the LC cell is assume
be uniform in they direction. Hence, the problem is 2D i
character and periodic along thex direction.

In the presence of externally applied field, the total fr
energyF of the system may be written in the dimensionle
form @7#

c5
F

D3B4/C3 5cB1cE , ~1!

where the Landau–de Gennes bulk free energycB and the
free energycE ~resulting from the coupling between th
nematic liquid crystal and the electric field! are expressed a

cB5E d3zH S t1
1

4D S 2

3
Q̄i j

2 D2
4

3
Q̄i j Q̄jkQ̄ki1S 2

3
Q̄i j

2 D 2

1
2

312r
Q̄i j ,k

2 1
2r

312r
Q̄i j , j Q̄ik,kJ , ~2!

cE52sgn~d«a!
1

3E0
2 E d3z@ni

EQ̄i j nj
E#E2. ~3!
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HereQJ is the tensorial LC order parameter,ni
E denotes the

i th component of the unit vector along the direction of a
plied electric fieldEW , andE05A(4pB3/ud«auC2) is the unit
of field strength,d«a5« i2«' . In Eqs.~2! and~3!, the Ein-
stein notation is assumed, with summation implied for
peatedi, j, andk indices, and comma in the subscript mea
derivative with respect to the spatial coordinate (1→x,
2→y, and 3→z). Also Q̄i j 5CQJ i j /B and zW5xW /D(D
5ACL /B2). For 5CB~4-pentyl-48-n8-cyanobiphenyl! used
in the experiments described below, the Laundau–de Ge
parameter values area50.065 J/cm3 K, B50.53 J/cm3,
C50.98 J/cm3, L54.5310214 J/cm, r>1 @8,9#, and Sbulk
50.56 (T520 °C) @10#. The perpendicular and parallel d
electric constants of 5CB are 5.64 and 21.3@11#, respec-
tively. We model the interfacial potential imposed on the L
by a rubbed polyimide~PI! substrate as@12–14#

cs5
1
2 Wtr@~QJ2QJ 0!2#, ~4!

where W is the surface anchoring strength andQJ 0 is the
tensorial interfacial order parameter. By assuming uniax
ity, QJ 05 3

2 Ssurface(nW 0nW 02 1
3 ), whereSsurfaceis the surface or-

der andnW 0 is the surface director. The surface potential i
poses a penalty~for W.0) on these configurations that fa
to align at the boundary withQJ 0 . It should be noted that in
general, the surface potential depends on the polar angu
and azimuthal anglew. Hereu is the angle between the LC
director and the substrate surface, andw is the angle between
the projection of the director on the substrate plane and tx
axis. The polar anchoring strength is usually much stron
than the azimuthal anchoring strength, and should be re
sented by a separate expression. Here we assume tha
polar angle is fixed at the pretilt angle of PI. That leaves o
the weaker azimuthal anchoring energy to be determined

It should be noted that the elastic continuum theory
liquid crystals can be obtained from the Landau–de Gen
theory by treating the scalar order parameter as having
spatial variation. Hence, the free energy depends only on
directornW :

Fd5
1

2 E dxW H @k11~¹W •nW !21k22~nW •¹W 3nW !21k33~nW 3¹W 3nW !2#

2
1

2p
d«0@EW •nW #2J , ~5!

wherek11, k22, andk33 are the splay, twist, and bend Fran
elastic constants, respectively.

The electrical potentialf satisfies the Laplace equation

¹•«I¹f50, ~6!

where the LC~static or low frequency! dielectric tensor«J
5«a1 2

3 d«aQJ with «05(« i12«')/3. The boundary condi-
tion is given byf5V/2 andf52V/2 on alternate electrod
stripes on the bottom substrate~Fig. 1!, each 1mm in width,
with center to center separation of 2mm. The top substrate
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does not have the comb structure and is grounded. Both
top and bottom substrates are rubbed along the same~stripe!
direction. Numerical simulation of IPS proceeds through
two-part iterative process whereby the solution for the el
tric potentialf is obtained from the Laplace Eq.~6!, assum-
ing a fixed QJ ~or nW for the elastic theory! configuration,
determined initially by minimizing the LC free energy atV
50. The QJ (nW ) configuration is then updated by using th
conjugate gradient method, assuming a fixed potential dis
bution obtained previously. These two parts are repea
within each step until consistency is achieved. Optical ch
acteristics are then calculated by using an extension of
434 matrix method of Berreman@15#. This is because the
original Berreman approach applies only to the propaga
of polarized light in a stratified media, i.e., media that a
uniform in their dielectric properties in eachx-y plane. Due
to the comb electrodes, this assumption is no longer valid
the Appendixes, we outline our extension of the Berrem
approach. We have used the generalized matrix approac
calculate light transmittance in our 2D liquid crystal cel
using the ordinary and extraordinary refractive indices
n051.5074 andne51.6661 @11#. It turns out that because
the x-y inhomogeneities~due to the comb electrodes! exist
only in a thin layer, the diffraction effect is very weak. Thu
in what follows the transmittance is defined to be the zer
order component. There is no special difference in treat
the electrical potential in the case of the elastic theory, exc
the dielectric tensor is now expressed as«J(rW)5«'

1d«anW (rW)nW (rW).
By using photolithographical techniques, we have etch

comblike ITO~indium tin oxide! electrodes on one substra
~see the schematic shown in Fig. 1!. The area of the comb
like electrode is 535 mm. PI was coated onto the ITO b
spin coating, and cured at 250 °C for 1.5 h. Typically th
process resulted in 400 Å thick films. These films were th
rubbed using the standard rubbing machines. Cells wit
thickness of 7mm were assembled with rubbing direction
aligned along the electrode stripes. Two polarizers were
ployed at the entrance and the exit of LC cells, with t
polarization direction of the entrance polarizer along t
electrode stripes and that of the exit polarizer perpendic
to the electrode stripes. Thus, the initialV50 state is dark.
In the experiments, we used 5CB without any chiral dopa
Two types of polyimide~both from Merck! with different
pretilt angle were used to align the LC molecules: CU-20
with a low pretilt angle~about 1°!, and SN-7321 with a high
pretilt angle~about 11°!.

To obtain optical transmittanceT as a function of applied

FIG. 1. A schematic diagram of the comb electrodes on an I
glass substrate.
3-2
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voltageV, we used a He-Ne laser~632.8 nm! with 2 mW
output power as the light source. The output signal was
tected with a silicon photodiode. The experimental setup
shown schematically in the inset to Fig. 2. DS345 Synt
sized Function Generator~Stanford Research Systems! was
used as the driving voltage source. The data are show
symbols in Figs. 2 and 3.

To explain the experimental data, we first use the ri
anchoring condition and the elastic continuum theory, cal
lated with k1157.6310212 N, k2255.1310212 N, and k33
57.6310212 N. It was found that the predicted optica
transmittance, shown as dashed lines in Figs. 2 and 3, h
relatively sharp onset as a function of voltage. This behav
is in disagreement with the experimental data but never
less understandable by comparison with the well-kno
Freedericksz transition. That is, the Fre´edericksz transition
represents an abrupt orientational onset when the~electric!
field coherence length becomes comparable to, or sm
than, the LC cell thickness. Here the LC cell thickness
replaced by the vertical range above the substrate, in which

FIG. 2. Optical transmission vs the applied planar voltage
rubbed PI SN-7321. Here the symbols denote experimental data
solid line represents the theoretical prediction with parame
given in the text, and the dash line represents the elastic th
prediction with rigid surface anchoring. The light source used is
He-Ne laser (l5632.8 nm). The inset shows the schematic m
surement arrangement.

FIG. 3. Optical transmission versus the applied planar volt
for rubbed PI CU2012. The symbols and lines have the same m
ing as those in Fig. 2.
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there is significant magnitude of the planar electric fie
From electrostatics,, should be on the order of periodicit
along x ~2 mm!. With rigid anchoring, the IPS is achieve
through director twist over a scale defined by,. The rela-
tively sharp onset is, therefore, a reflection of t
Fréedericksz-like character. It should be noted that the sh
onset of the Fre´edericksz transition is independent of th
elastic constants’ magnitude. Changing the elastic consta
values would only vary the onset voltage.

To simulate the IPS through the soft-anchoring approa
20 discrete voltage values were chosen for fitting theV-T
experimental results. Two fitting parameters,h
5Ssurface/Sbulk and K5 9

2 Sbulk
2 W, were alternately optimized

to minimize mean square error between the theory and
experiment. The resulting fits are shown as solid lines
Figs. 2 and 3, with the following parameter values:

for SN-7321, h50.81 and K55.2231025 J/m2;

for CU-2012, h50.68 and K55.0731025 J/m2.

If there is no order parameter variation~i.e., Ssurface
5Sbulk), Eq. ~4! reduces to the standard Rapini-Papoular
pression, andK is the usual azimuthal anchoring strength.
is seen that the agreement between theory and experime
excellent, with values ofK in the range of previously mea
sured values of azimuthal anchoring strength~via mechanical
means! obtained on rubbed polyimide surfaces@16#. These
results present convincing evidence that director reorie
tion has indeed occurred at the LC-substrate interfa
thereby providing a means of measuring the azimuthal
choring strength through optical transmittance. In Fig. 4,
plot the attendant azimuthal angle variation of LC directo
in the middle of the two LC cells.

It is also seen that there is a small difference betwe
KSN-7321 and KCU-2012, but a significant difference betwee
hSN-7321andhCU-2012. In both cases, we found thatSsurfaceis
20%–30% less thanSbulk . That is, the rubbed PI substra
decreases significantly the liquid crystalline order in the
terfacial layer. Thus the optical approach, coupled with IP

r
the
rs
ry
e
-

e
n-

FIG. 4. Azimuthal angle variation of the LC director in th
middle of the two LC cells whose transmittance is shown in Fig.
plotted as a function of applied voltage.
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offers a more complete picture, as well as a relatively c
venient measurement method for the azimuthal ancho
strength and the related surface order.

This research was supported by CERG Grant N
HKUST6133/97P and the Hong Kong Innovation and Te
nology Fund.

APPENDIX A

In our 2D geometry,«↔ ~dielectric constant tensor! is in-
dependent of they spatial component and periodic along t
x axis, i.e., «↔(x1P,y,z)5 «↔(x,y0 ,z), whereP is the pe-
riod. The incident light is a plane wave given by

EW i~x,y,z,t !5EW i0e2 i ~vt2kW•xW !5EW i0e2 iv~ t2hx/c2jy/c!1 ikziz,
~A1!

HW i~x,y,z,t !5HW i0e2 i ~vt2kW•xW !5HW i0e2 iv~ t2hx/c2jy/c!1 ikziz,

where EW i0 and HW i0 are constant vectors andkzi

5(v/c)A12h22j2.0 @without the loss of generality, we
assume that the incidence plane isz50 and the exit plane is
04171
-
g

.
-

z5d(.0)]. In Eq. ~A1! EW (x,y,z,t) andHW (x,y,z,t) are the
electromagnetic-field vectors with their respective conv
tional connotations. The angular frequencyv is related to the
wavelength in vacuuml0 , and the speed of lightc, and the
wavenumberk0 by the relationv52pc/l05ck0 .

From the periodicity of the dielectric constant and E
~A1!, the electromagnetic fields can be expressed in
Bloch-wave representation:

EW ~x,y,z,t !5EW ~x,z!e2 ivteik0~hx1jy!,
~A2!

HW ~x,y,z,t !5HW ~x,z!e2 ivteik0~hx1jy!,

where

EW ~x,z!5EW ~x1P,z!,
~A3!

HW ~x,z!5HW ~x1P,z!.

From Maxwell equations, we obtain the following relation
]

]zS Ex~x,z!

Hy~x,z!

Ey~x,z!

2Hx~x,z!

D 5S cEx,Ex cEx,Hy cEx,Ey 2cEx,Hx

cHy,Ex cHy,Hy cHy,Ey 2cHy,Hx

cEy,Ex cEy,Hy cEy,Ey 2cEy,Hx

2cHx,Ex 2cHx,Hy 2cHx,Ey cHx,Hx

D S Ex~x,z!

Hy~x,z!

Ey~x,z!

2Hx~x,z!

D , ~A4!

where the matrix elements

cA,B5cA,BS c,k0«J,m0 ,h,j,
]

]x
,

]2

]x2D ~A,B5Ex ,Ey ,Hx and Hy!

can be obtained from Eq.~B8! in Appendix B.
By utilizing a discretization scheme withN points @x52P/2,2(P/2)1(P/N),2(P/2)12(P/N),...,2(P/2)1(N

22)(P/N),2(P/2)1(N21)(P/N)# and defining

EW N,x~z!5S Ex~2P/2,z!

Ex~2P/21P/N,z!

Ex~2P/212P/N,z!

]

Ex~2P/21~N21!P/N,z!

D , EW N,y~z!5S Ey~2P/2,z!

Ey~2P/21P/N,z!

Ey~2P/212P/N,z!

]

Ey~2P/21~N21!P/N,z!

D ,

HW N,x~z!5S Hx~2P/2,z!

Hx~2P/21P/N,z!

Hx~2P/212P/N,z!

]

Hx~2P/21~N21!P/N,z!

D , HW N,y~z!5S Hy~2P/2,z!

Hy~2P/21P/N,z!

Hy~2P/212P/N,z!

]

Hy~2P/21~N21!P/N,z!

D , ~A5!

we obtain the following relation from Eq.~A4!:

]

]z S EW N,x~z!

HW N,y~z!

EW N,y~z!

2HW N,x~z!

D 5S CEx,Ex~z! CEx,Hy~z! CEx,Ey~z! 2CEx,Hx~z!

CHy,Ex~z! CHy,Hy~z! CHy,Ey~z! 2CHy,Hx~z!

CEy,Ex~z! CEy,Hy~z! CEy,Ey~z! 2CEy,Hx~z!

2CHx,Ex~z! 2CHx,Hy~z! 2CHx,Ey~z! CHx,Hx~z!

D S EW N,x~z!

HW N,y~z!

EW N,y~z!

2HW N,x~z!

D , ~A6!
3-4
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whereCA,B ~A, B5Ex , Ey , Hx , andHy) is the N3N co-
efficient matrix, obtainable from Eq.~B8! in Appendix B.
Equation~A6! can be abbreviated as

]

]z
c~z!5D~z!c~z!, ~A7!

where c denotes a 4N-component vector as given in Eq
~A6!. If the matrixD is approximately independent ofz over
some short intervaldz, then the solution of this equation ca
be expressed by

c~z1dz!5eD~z!•dzc~z!

5~11dzD~z!1~dz!2D2~z!/21¯ !c~z!.

~A8!

By discretizing the LC component of the cell~with thickness
h! into M layers, the transmittance matrix can be expres
by

TLC~h!

5eD~h!/MeD„~M21!h/M …•h/M
¯eD~2h/M !•h/M )eD~h/M !•h/M.

~A9!

The total transmittance matrix can be expressed by

Ttotal5Telectrode–cTPlTLC~h!TPlTelectrode–p , ~A10!

whereTelectrode–c , Telectrode–p , andTPl are the constant trans

mittance matrices of the comb-like ITO electrode layer at
bottom of the LC cell, the layered ITO electrode layer at t
top of the LC cell, and the PI layer, respectively. We defi
c i , c r , andc t to be the 4N-component vectors of the inci
dent light, reflective light, and transmitted light of the L
cell, respectively. The transmittance matrix relates the t
field vectors at the incident plane to the field vectors at
exit plane. That is,

c t5Ttotal~c i1c r !. ~A11!

From Eq.~A3!, we can rewrite the vector of the electroma
netic field as follows:

EW ~x,z!5 (
n50

N21

eWn~z!ei ~2p/P!nx,

~A12!

HW ~x,z!5 (
n50

N21

hW n~z!ei ~2p/P!nx,

where (n50,...,N21) ~N being the number of uniformly
spaced discrete points! and @x52P/2,2(P/2)1(P/N),
2(P/2)12(P/N),...,2(P/2)1(N22)(P/N),2(P/2)1(N
21)(P/N)#. It is noted thatei (2p/P)nx (n50,...,N21) con-
stitutes a complete set of discrete orthogonal functions.

The reflected electromagnetic fields can be expressed
04171
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EW r~x,y,z,t !5EW r~x,z!e2 ivteik0~hx1jy!

5e2 ivt (
n50

N21

eW r ,neikW r ,n•xW,

~A13!
HW r~x,y,z,t !5HW r~x,z!e2 ivteik0~hx1jy!

5e2 ivt (
n50

N21

hW r ,neikW r ,n•xW,

where

EW r~x,z!5 (
n50

N21

eW r ,nein~2p/P!xeikzr,nz,

~A14!

HW r~x,z!5 (
n50

N21

hW r ,nein~2p/P!xeikzr,nz,

eW r ,n5(er ,n,x ,er ,n,y ,er ,n,z) andhW r ,n5(hr ,n,x ,hr ,n,y ,hr ,n,z) are
constant 3D vectors, and

kW r ,n5kW r ,nc/v5S h1n
l0

P
,j,2A12S h1n

l0

P D 2

2j2D .

~A15!

The transmitted electromagnetic fields can be expressed

EW t~x,y,z,t !5EW t~x,z!e2 ivteik0~hx1jy!

5e2 ivt (
n50

N21

eW t,neikW t,n•~xW2dẑ0!,

~A16!
HW t~x,y,z,t !5HW t~x,z!e2 ivteik0~hx1jy!

5e2 ivt (
n50

N21

hW t,neikW i ,n•~xW2dẑ0!,

whereẑ denotes the unit vector along thez axis,

EW t~x,z!5 (
n50

N21

eW t,nein~2p/P!xeikzt,n~z2d!,

~A17!

HW t~x,z!5 (
n50

N21

hW t,nein~2p/P!xeikzt,n~z2d!,

eW t,n5(et,n,x ,et,n,y ,et,n,z) and hW t,n5(ht,n,x ,ht,n,y ,ht,n,z) are
constant vectors, and

kW t,n5kW t,nc/v5S h1n
l0

P
,j,A12S h1n

l0

P D 2

2j2D .

~A18!

From the orthogonality ofei (2p/P)nx (n50,...,N21) and
Maxwell equations, we have the following relations:

kW t,n•eW t,n50, kW t,n•hW t,n50,
3-5
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kW t,n3eW t,n5cm0hW t,n and kW r ,n•eW r ,n50,

kW r ,n•hW r ,n50, kW r ,n3eW r ,n5cm0hW r ,n . ~A19!

From Eqs.~A15! and ~A19!, we know thathr ,n,x andhr ,n,y
can be represented by a linear combination ofer ,n,x and
er ,n,y @see Eq.~B9! in Appendix B#. ThusHW N,x,r(z50) @rep-
resenting theN-dimensional vector in Eq.~A5! of the re-
flected magnetic field, the same notation is used below# and
HW N,y,r(z50) can be expressed in terms ofEW N,x,r(z50) and
EW N,y,r(z50) as

S HW N,y~z50!

2HW N,x~z50!
D

r

5S Ar Br

Cr Dr
D S EW N,x~z50!

EW N,y~z50!
D

r

,

whereAr , Br , Cr , andDr areN3N constant matrices ob
tainable from Eq.~B9! in Appendix B. From Eqs.~A18! and
~A19!, the similar relation for the transmitted field is give
by

S HW N,y~z5d!

2HW N,x~z5d!
D

t

5S At Bt

Ct Dt
D S EW N,x~z5d!

EW N,y~z5d!
D

t

,

whereAt , Bt , Ct , andDt areN3N constant matrices.@see
Eq. ~B9! in Appendix B#. Therefore,c r and c t can be ex-
pressed, respectively, by

c r5S EW N,x~z50!

HW N,y~z50!

EW N,y~z50!

2HW N,x~z50!

D
r

5S I 0 0 0

Ar Br 0 0

0 I 0 0

Cr Dr 0 0

D
3S EW N,x,r~z50!

EW N,y,r~z50!

EW N,x,t~z5d!

EW N,y,t~z5d!

D , ~A20a!

c t5S EW N,x~z5d!

HW N,y~z5d!

EW N,y~z5d!

2HW N,x~z5d!

D
t

5S 0 0 I 0

0 0 At Bt

0 0 0 I

0 0 Ct Dt

D
3S EW N,x,r~z50!

EW N,y,r~z50!

EW N,x,t~z5d!

EW N,y,t~z5d!

D . ~A20b!

Combining Eqs.~A11! and ~A20!, we obtain the reflected
fields at the incidence plane and the transmitted fields at
exit plane.

It is noted that the present approach can be simply
tended to the 3D case with
04171
e

x-

S «J~x,y,z!

mJ ~x,y,z! D5S «J~x1Px ,y,z!

mJ ~x1Px ,y,z! D
and

S «J~x,y,z!

mJ ~x,y,z! D5S «J~x,y1Py ,z!

mJ ~x,y1Py ,z! D
(«J andmJ being the dielectric constant tensor and permitt
ity tensor respectively,Px and Py being the periodicities
along thex andy directions, respectively!.

APPENDIX B

Here we derive the relevant matrix elements used in A
pendix A from the Maxwell equations. The matrix represe
tation of the Maxwell equations is given by

¨

0 0 0 0 2
]

]z

]

]y

0 0 0
]

]z
0 2

]

]x

0 0 0 2
]

]y

]

]x
0

0
]

]z
2

]

]y
0 0 0

2
]

]z
0

]

]x
0 0 0

]

]y
2

]

]x
0 0 0 0

©
S Ex

Ey

Ez

Hx

Hy

Hz

D
5

]

]t S Dx

Dy

Dz

Bx

By

Bz

D . ~B1!

The constitutive equations can be written as

DW 5«JEW 5«0S «11 «12 «13

«21 «22 «23

«31 «32 «33

D S Ex

Ey

Ez

D ~B2!

and

BW 5mJHW 5m0S 1 0 0

0 1 0

0 0 1
D S Hx

Hy

Hz

D , ~B3!

whereEW (x,y,z,t), DW (x,y,z,t), HW (x,y,z,t), andBW (x,y,z,t)
are defined in Appendix A, and«0 and m0 are dielectric
constant and permittivity of the vacuum, respectively.
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combining Eqs.~B1!–~B3! and assuming harmonic tim
variation @i.e., EW , HW (x,y,z,t)5EW , and HW (x,y,z)e2 ivt], the
Maxwell equations become

¨

0 0 0 0 2
]

]z

]

]y

0 0 0
]

]z
0 2

]

]x

0 0 0 2
]

]y

]

]x
0

0
]

]z
2

]

]y
0 0 0

2
]

]z
0

]

]x
0 0 0

]

]y
2

]

]x
0 0 0 0

©
S Ex

Ey

Ez

cm0Hx

cm0Hy

cm0Hz

D
52 ik0MS Ex

Ey

Ez

cm0Hx

cm0Hy

cm0Hz

D , ~B4!
04171
where

M5S «11 «12 «13 0 0 0

«21 «22 «23 0 0 0

«31 «32 «33 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

D .

If the electric and magnetic fields can be represented in
form

EW ~x,y,z!5EW ~x,z!eik0~hx1jy!,
~B5!

HW ~x,y,z!5HW ~x,z!eik0~hx1jy!,

whereh andj are constants, then the Maxwell equations
the matrix form can be further simplified as follows:
¨

0 0 0 0 2
]

]~k0z!
i j

0 0 0
]

]~k0z!
0 2 ih2

]

]~k0x!

0 0 0 2 i j ih1
]

]~k0x!
0

0
]

]~k0z!
2 i j 0 0 0

2
]

]~k0z!
0 ih1

]

]~k0x!
0 0 0

i j 2 ih2
]

]~k0x!
0 0 0 0

©
S Ex~x,z!

Ey~x,z!

Ez~x,z!

cm0Hx~x,z!

cm0Hy~x,z!

cm0Hz~x,z!

D
52 iM S Ex~x,z!

Ey~x,z!

Ez~x,z!

cm0Hx~x,z!

cm0Hy~x,z!

cm0Hz~x,z!

D . ~B6!
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From Eq.~B6! we obtain

Ez5
1

«33
Fj~cm0Hx!2h~cm0Hy!1 i

]

]~k0x!
~cm0Hy!G

2
1

«33
~«31Ex1«32Ey!, ~B7a!

~cm0Hz!52jEx1hEy2 i
]

]~k0x!
Ey . ~B7b!

Substituting the above formula into the Maxwell equatio
~B6!, we obtain

]

]~k0z!
Ex52F ]

]~k0x!

«31

«33
1 ih

«31

«33
GEx2

«31

«33

]

]~k0x!
Ex

2F ]

]~k0x!

«32

«33
1 ih

«32

«33
GEy2

«32

«33

]

]~k0x!
Ey

1jF ]

]~k0x!

1

«33
1 ih

1

«33
G~cm0Hx!

1j
1

«33

]

]~k0x!
~cm0Hx!1 i F12h2

1

«33

1 ih
]

]~k0x!

1

«33
G~cm0Hy!1F i

]

]~k0x!

1

«33

22h
1

«33
G ]

]~k0x!
~cm0Hy!

1 i
1

«33

]2

]~k0x!2 ~cm0Hy!, ~B8a!

]

]~k0z!
Ey52 i j

«31

«33
Ex2 i j

«32

«33
Ey1 i S j2

«33
21D ~cm0Hx!

2 i
hj

«33
~cm0Hy!2

j

«33

]

]~k0x!
~cm0Hy!,

~B8b!

]

]~k0z!
~cm0Hx!5 i F2hj2«211

«23

«33
«31GEx2j

]

]~k0x!
Ex

1 i Fh22«221
«23

«33
«32GEy12h

]

]~k0x!
Ey

2 i
]2

]~k0x!2 Ey2 i j
«23

«33
~cm0Hx!
n-

i,

04171
s

1 ih
«23

«33
~cm0Hy!1

«23

«33

]

]~k0x!
~cm0Hy!,

~B8c!

]

]~k0z!
~cm0Hy!52 i Fj22«111

«13

«33
«31GEx

1 i Fhj1«122
]13

«33
«32GEy1j

]

]~k0x!
Ey

1 i j
«13

«33
~cm0Hx!2 ih

«13

«33
~cm0Hy!

2
«13

«33

]

]~k0x!
~cm0Hy!. ~B8d!

Also, from Eqs.~A15!, ~A18!, and~A19! in Appendix A, we
have the following linear relations betweeneW s,n andhW s,n (s
5t,r ):

cm0ht,n,x52

jS h1n
l0

P
D et,n,x1F12S h1n

l0

P
D 2Get,n,y

A12S h1n
l0

P
D 2

2j2

,

~B9a!

cm0ht,n,y5

~12j2!et,n,x1jS h1n
l0

P
D et,n,y

A12S h1n
l0

P
D 2

2j2

, ~B9b!

cm0hr ,n,x5

jS h1n
l0

P
D er ,n,x1F12S h1n

l0

P
D 2Ger ,n,y

A12S h1n
l0

P
D 2

2j2

,

~B9c!

cm0r r ,n,y5

~12j2!er ,n,x1jS h1n
l0

P
D er ,n,y

A12S h1n
l0

P
D 2

2j2

. ~B9d!
s.
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